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Abstract. For a twisted partial action O of a group G on an (associative non- 
necessarily unital) algebra A over a commutative unital ring k, the crossed product 
.4x1 eG is proved to be associative. Given a G-graded fc-algebra B = (B ge cB g with 
the mild restriction of homogeneous non-degeneracy, a criteria is established for B 
to be isomorphic to the crossed product SiXeG for some twisted partial action of 
G on Bi. The equality B g B g -iB g — B g (Vfl £ G) is one of the ingredients of the 
criteria, and if it holds and, moreover, B has enough local units, then it is shown 
that B is stably isomorphic to a crossed product by a twisted partial action of G. 

1. Introduction 

In the Theory of Operator Algebras partial actions of groups appeared as a general 
approach to study C*-algebras generated by partial isometries, several relevant classes 
of which turned out to be crossed products by partial actions. Crossed products clas- 
sically are in the center of the rich interplay between dynamical systems and operator 
algebras, and the efforts in generalizing them produce structural knowledge on alge- 
bras underlied by the new constructions. Thus the notion of a C*-crossed product 
by a partial automorphism, given in [19], permitted to characterize the approximately 
finite C*-algebras, the Bunce-Deddence and the Bunce-Deddence-Toeplitz algebras as 
such crossed products [20], [21]. Further generalizations and steps were made in [34], 
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[24], [22], [23]. In [27] a machinery was developed, based on the interaction between 
partial actions and partial representations, enabling to study representations and the 
ideal structure of partial crossed products, and including into consideration prominent 
examples such as the Toeplitz C*-algebars of quasi-lattice ordered groups, as well as 
the the Cuntz-Krieger algebras. The technique was also used in [26] to define and 
study Cuntz-Krieger algebras for arbitrary infinite matrices, and recently these ideas 
were also applied to Hecke algebras defined by subnormal subgroups of length two [25], 
as well as to C*-algebras generated by crystals and quasi-crystals [6]. 

The general notion of a (continuous) twisted partial action of a locally compact 
group on a C*-algebra (a twisted partial C*-dynamical system) and the corresponding 
crossed products were introduced in [22], where the associativity of crossed products 
was proved by means of approximate identities. The construction permitted to show 
in particular that any second countable C*-algebraic bundle 1 with stable unit fibre is 
a crossed product by a twisted partial action [22]. 

Algebraic counterparts for some of the above mentioned notions were introduced 
and studied in [14] and [13], stimulating further investigations in [5], [8], [9], [10], [11], 
[15], [16], [17], [18], [28], [29] and [33]. Interesting results have been obtained also 
in [36] and [38] (with respect to the topological part of [36] see also [1]). In [36] the 
authors point out several old and more recent results in various areas of mathematics 
underlied by partial group actions, and, more generally, the importance of the partial 
symmetry is discussed in [37], while developing the theory of inverse semigroups as a 
natural approach to such symmetries. 

The goal of the present article is to pursue the algebraic part of the programm by 
introducing the twisted partial actions of groups on abstract algebras over commuta- 
tive rings and the corresponding crossed products, and comparing them with general 
graded algebras. The reader will note a change in our treatment compared to previous 
ones: partial actions on rings, as well as on other structures, were defined so far in 
terms of intersections of the involved domains, and in the present paper we prefer to 
do it in terms of products. Moreover, the domains are supposed to be idempotent 
and pairwise commuting ideals. Observe firstly that this does not mean a change 
with respect to C*-algebras: in that context the domains are closed two-sided ideals, 
and a product of such two ideals coincides with their intersection, in particular, they 
commute and are idempotent. Secondly, in the majority of the algebraic situations 
considered so far, the domains are unital (or more generally s-unital) rings and, as a 
consequence, again the products coincide with the intersections. Thirdly, the "product 
definition" serves our treatment of graded rings, whereas it is not even clear to us what 
would be the "nicest" definition in terms of intersections. 

The definition of a twisted partial action incorporates a "partial 2-cocycle equality" 
which is definitely an associativity ingredient. The above mentioned conditions on the 



A C*-algebraic bundle is roughly a "C*-algebra" graded by a locally compact group. 
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domains, i. e. to be idempotent and pairwise commuting, also serve the associativity 
purpose. In Section 2.4, after giving our main definitions, we prove the associativity of 
the crossed product in Theorem 2.4. This is done by means of a commuting property 
of left and right multipliers (2), introduced in [13] to serve the non- twisted case. 

Our next question is to give a criteria for a graded algebra to be a twisted partial 
crossed product. It is an easy exercise that for a group G, a G-graded unital algebra 
B = © 9e G^9 i s a global crossed product B\xG exactly when each B g contains an 
element which is invertible in B, i. e. 

\/g € G 3 u g G B g , v g £ Bg-i such that u g v g = v g u g = 1$. 

The corresponding criteria with twisted partial actions is more involved: using some 
analogue of the u 9 's and v g } s one needs to construct isomorphisms D g -i — > T> g between 
some ideals T> g of B\ , a "partial twisting" formed by certain multipliers and everything 
should be combined into a twisted partial action G, so that the given G-graded algebra 
B = s6 g"^s will be B\y\G. The easy part is to determine the ZV s: si m ply looking 
at the partial crossed product, one readily comes to define: T> g = B g B g -i = afci : 
<2j € B g -i,bi € B g }. Next a crucial point comes: each B g is a (P 9 ,X> g -i)-bimodule, 
and one immediately forms the surjective Morita context (T>g,V g -i,Bg, B g -i) in which 
the bimodule maps are determined by the product in B. The rings in the context 
are non-necessarily unital and if we start with an arbitrary G-graded B, they may 
be non-idempotent and even degenerate (in the sense of Section 3). So a restriction 
which guarantees that the Vg are idempotent is needed and there is also a reasonable 
assumption designed to avoid degeneracy. The latter is provided by the homogeneous 
non-degeneracy condition (16) (see Section 3 ) which we impose on our graded algebra 2 . 
As to the first one, X> 2 = T> g is a direct consequence of the equality 

(1) B g Bg-iB g = Bg(VgeG), 

which is immediately seen to be true for twisted partial crossed products (see Section 3). 
The latter equality also has several other useful consequences given in Lemma 5.3, and 
it enters as one of the ingredients of our criteria. In particular, it implies that the P 9 's 
pairwise commute. The other ingredient deals with the « 9 's and v g 7 s we are looking 
for. To find them one takes the linking algebra (also called Morita context ring) 

C - f V 9 B 9 

and it turns out that the elements u„ and v „ are multipliers of C„ with 



Ugv g = en = ( J jjj and v g u g = e 22 = ^ 1 

The matrices en and e 2 2 are not elements of C g in general, but they can be easily 
interpreted as multipliers (see Section 3). That crossed products by twisted partial 



2 Graded algebras with (16) are often called non-degenerate in the literature, however, we use the 
latter term in a different sense (see Section 3) . 
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actions possess this property is shown in Proposition 3.1. 

The consequences of the existence of such multipliers in the linking algebra of a 
given Morita context is analyzed in Section 4. An isomorphism between the rings in 
the context comes out as expected, as well as a couple of maps with a list of associa- 
tivity properties (see Proposition 4.1) being used in further considerations. The next 
task is to get out from the constraints of a single Morita context in order to construct 
the multipliers which will form the partial twisting. This is done in Section 5. Then 
the criteria, Theorem 6.1, is proved in Section 6 with the restriction of homogeneous 
non-degeneracy of B. The condition of the existence of the u s 's and t> 9 's can be replaced 
by a more straightforward condition, which in practice is easier to check, if we assume 
that each V g is an s-unital ring (see Theorem 6.5). 

The main result of [22] (Theorem 7.3) says that a second countable C*-algebraic 
bundle B, which satisfies a certain regularity condition, can be obtained as a twisted 
partial C*-crossed product. The regularity condition is based on the existence of a par- 
tial isometry u in the multiplier algebra of a certain linking algebra such that uu* = en 
and u*u = e22- If the unit fibre B\ is stable, i. e. B\ is isometrically isomorphic to 
B\ <8>/C, where K, is the C*-algebra of the compact operators on an infinite dimensional 
separable Hilbert space, then using [7], the regularity condition is guaranteed (see [22, 
Propositions 5.2, 7.1 ]). In [7] the authors prove the interesting fact that two strongly 
Morita equivalent C*-algebras A and A' with countable approximate units are neces- 
sarily stably isomorphic, i. e. A <8> 1C = A' <8> JC. It is also shown that this fails in the 
absence of countable approximate units. The condition of B to be second countable 
serves to ensure the existence of countable approximate unities (or equivalently the 
existence of strictly positive elements) which is needed when using [7]. 

It is our next main goal to establish an algebraic version of Theorem 7.3 from [22]. 
Any C*-algebra has approximate unities, which are "units in limit", and it is an ana- 
lytic property. Our algebraic analogue of this are the local units (see Section 7 for the 
definitions). The property of having countable approximate unities then corresponds 
to that of having a countable set of local units. It is easily seen that such a set of 
idempotents can be orthogonalized (see Section 7), and we shall work in the more 
general situation of rings with orthogonal local units. One also should note that any 
closed ideal in a C*-algebra is again a C*-algebra, so it possesses approximate units. 
For an abstract ring with local units the analogue is not true, a two-sided ideal in such 
a ring may not have local units. So we deal with a G-graded B with enough local 
units, which means that each T> g has orthogonal local units. Further, K, can be viewed 
as the C*-direct (also called inductive) limit of the matrix algebras M n (C), in which 
M n (C) is embedded into the left-upper corner of M n+ i(C). The algebraic direct limit 
of the M n (C)'s is the algebra FMat aJ (C) of all u> x u-matrices over C which have only 
finitely many non-zero entries, where to stands for the first infinite ordinal. Since we 
do not impose restrictions on the cardinatlities of the orthogonal units, our analogue 
of K. will be FMatx(fc), where X is an appropriate infinite set of indices and k is the 
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base ring. 

Our aim is to prove Theorem 8.5 which says that if B is a G-graded fc-algebra 
with enough local units which satisfies (1), then FMatx(S), endowed with the grad- 
ing directly extended from B, is the crossed product by a twisted partial action 
of G on FMatx(£>i). Our criteria permits us to work in a single Morita context 
(1Z,7Z', tiMtzi, n/M^). The main tool is the concept of a finitely determined map, 
defined in Section 5. In the same section we build up several finitely determined 
maps in order to use them in the Eilenberg trick which results into a finitely deter- 
mined isomorphism tfj : "RS x ) — > MS x ^ (see Proposition 7.6), where X is an appro- 
priate infinite index set. Then in Section 8 the main step is done in Theorem 8.2, 
in the proof of which the map ip is interpreted as what we call a row and column 
summable X x X-matrix over Hom^T?., M), which can be used to define the multi- 
plier u (the analogue of the above u g ) of the linking algebra of the Morita context 
(FMat x (^),FMat x (^') ) FM atx(A / i),FMatx(A^ / ))- Th e multiplier v can be defined 
by using the inverse of ip which is also finitely determined. In practice we need only 
to give two certain maps and Proposition 6.2 guarantees the existence of u and v. 
Theorem 8.5 is then a quick consequence of Theorem 8.2 thanks to the criteria. An 
algebraic version of the above mentioned stable isomorphism result from [7] is given in 
Corollary 8.4, which is an immediate by product of Theorem 8.2 (see also [4]). 

In Section 9 we show by means of examples with uncountable local units that The- 
orem 8.2 and Theorem 8.5 fail if we abandon the orthogonality condition on local units. 

2. Associativity of crossed products by twisted partial actions 

In all what follows k will be a commutative associative unital ring, which will be 
the base ring for our algebras. The latter will be assumed to be associative and non- 
necessarily unital. Let A be such an algebra. We remind that the multiplier algebra 
M{A) of A is the set 

M{A) = {(R, L) e EndUA) x End(^) : {aR)b = a{Lb) for alia, b € A} 

with component- wise addition and multiplication (see [13] or [30, 3.12.2] for more de- 
tails). Here we use the right hand side notation for homomorphisms of left „4-modules, 
while for homomorphisms of right modules the usual notation shall be used. In par- 
ticular, we write a t— > aR and a i— > La for R :_4 A — >_a A, L : Aj\, — > Aa with a € A. 
For a multiplier w = (R, L) G M(A) and a £ A we set aw = aR and wa = La. Thus 
one always has (aw)b = a{wb) (a,b £ A). The first (resp. second) components of the 
elements of M(A) are called right (resp. left) multipliers of A. 

Definition 2.1. A twisted partial action of a group G on A is a triple 

© = ({' D g}geG,{ G g}geG,{wg i h}(g,h)eGxG)^ 
where for each g € G, V g is a two-sided ideal in A, 6 g is an isomorphism of k-algebras 
L) g -i — > V g , and for each (g, h) € GxG, w 9t h is an invertible element from M.(V > g -D > g h) , 
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satisfying the following postulates, for all g, h and t in G : 

(i) V 2 g = V g , v g -v h = v h -v g - 

(ii) T>i = A and 6\ is the identity map of A; 
(Hi) e g (V g -i-V h )=VyV gh ; 

(iv) 6 g o 9 h (a) = w gjh 9 gh (a)w~^ h , Va G V h -i ■ T> h -i g -i; 

(v) w 1>g = w g>1 = 1; 

(vi) 6 g (aw hyt )w gM = O g (a)w g)h w gh)t , Va G V g -i ■ V h ■ V ht . 

Some comments are needed concerning the above definition. It obviously follows 
from (i) that a finite product of ideals V g ■ T>h ■ . . . is idempotent, and 

e g (v g -,-v h -v f )=v g -v gh -v gf 

for all g,h,f G G, by (iii). Thus all multipliers in (vi) are applicable. Given an 
(associative) algebra I with X 2 = 2, by [13, Prop. 2.5] one has 

(2) (wx)w' = w{xw') 

for any w, w' G M.(I), x G 2. This explains the absence of brackets in the right hand 
side of (iv). 

Observe also that (iii) implies 

e;\v g -v h )=v g - 1 -v g - lh , 

for all g,h G G. 

Definition 2.2. Given a twisted partial action of G on A, the crossed product 
„4xeG is the direct sum: 

®V g 5 g , 

geG 

in which the 5 g 's are symbols. The multiplication is defined by the rule: 

(a g S g ) ■ (b h 5 h ) = 9 g {e~ 1 {a g )b h )w g ^ h 5 gh . 
Here w g ^ acts as a right multiplier on 6 g (6~ 1 (a g )b} l ) G 9 g (V g -i ■ V^j = V g ■ 2)^. 

An element a in an algebra A obviously determines the multiplier (R a , L a ) G M(A) 
where xR a = xa and L a x = ax (x G *4). If 2 is a two-sided ideal in A then this multi- 
plier evidently restricts to one of 2 which shall be denoted by the same pair of symbols 
(R a , L a ). Given an isomorphism a : 2 — > J of algebras and a multiplier u = (R, L) of 
2, we have that u a = (a~ 1 Ra,aLa~ 1 ) is a multiplier of J. Observe that the effect 



CROSSED PRODUCTS BY TWISTED PARTIAL ACTIONS AND GRADED ALGEBRAS 7 

of a~ l Ra on x £ X is x- (a~ 1 Ra) = a(a^ 1 (x)-R), whereas (aLa^ 1 ) ■ x = a(L-a~ l (x)). 

Before proving the associativity of A^qG we separate two technical equalities. 
Lemma 2.3. We have the following two properties: 

(i) a9 h (9 h 1 (b)c)=e h (9 h 1 (ab)c), 
for any a,c G A, b £ 2\ and h £ G; 

(H) [Ogh(w g ,hOgh(x))}c = 9 g ^(w g<h 9 gh (xc)), 

for any x £ T> h -i ■ T> h -i g -i, g,h £ G and c £ A. 

Proof, (i) Since Oh : T> h -i — > T>h is an isomorphism, (9' h 1 R c 9h, 9f l L c 9' fl 1 ) is a mul- 
tiplier of T>h, and applying (2) for the multipliers (O^ 1 R c 0h, 9hL c 9 h ~ 1 ) and (R a ,L a ) we 
see that L a ■ (b- (07 1 R c 9h)) = (L a ■ b) ■ (9' h 1 R c 9h)- But this is precisely what (i) does say. 



(ii) By (hi) of Definition 2.1, 8 g h, restricted to V h -i -T> h -i g -i, gives an isomorphism 

V h -i ■ V h -i g -i — > V g ■ T> g h- Hence w g h is a multiplier of V h -i ■ T> h -i g -i , and combining 
it in (2) with the multiplier (R c , L c ) we obtain 

K e gh W 9,h e 9h) " A ■ R c = {0 g h W 9^gh) ■ [x • Rc], 

which is exactly (ii). □ 

Theorem 2.4. The crossed product Ak®G is associative. 
Proof. Obviously, A^qG is associative if and only if 

(3) (a5gbS h )cS t = aS g (b5 h c5 t ) 

for arbitrary g,h,t G G and a £ V g ,b £ V^, c £ T> t . Computing the left hand side of 
the above equality, we have 

(aS g b5 h )cd t = 0g{e- l {a)b)wg th 5 gh c5 t = 8 gh {9^l[9g{9^ l {a)b)w g ^ h \c}w ghtt 5 ght . 
On the other hand, 

aS g (bS h cS t ) = a5 g 9 h (9 h 1 (b)c)w h)t 5 ht = 9 g [9' g l {a)9 h (9 h 1 (b)c)w Kt }w gM 8 ght = 
9 g [9 g 1 (a)9 h (9 h 1 (b)c)]w g:h w gh:t 5 ght , 
by the co-cycle equality (vi) of Definition 2.1, taking into account that 
0- g l (a)9 h (9l\b)c) £ V g -, ■ 9 h {V h -, ■ V t ) = V g -i ■ V h ■ V ht . 
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The last equality is obtained by using (hi) of Definition 2.1. Comparing the two sides 
of (3) we may cancel w g h,t as it is invertible. Observing also that 9~ 1 {a) runs over 
V g -i when a runs over V g , we have that (3) holds if and only if 

(4) gh {e-l[9 g (ab)w 9th \c} = 9 g [a9 h (9 h \b)c)]w g , h 

is verified for any g,h G G and a G D g -i, b G V^, c G A (take t = 1 to see that c may 
be arbitrary in ^4). Applying (i) of Lemma 2.3 to the right hand side of (4), we have 
9 g [a9 h (9^ 1 (b)c)]wg jh = 9 g [9 h (9j l 1 (ab)c))w g , h . Now y = ab lies in V g -iV h , and therefore 
it is enough to show that 

(5) Ogh{0-£[e g {y)w g , h ]c} = 9 g [9 h {9- h \y)c)]w g , h 

is satisfied for arbitrary g,h G G, y G Dg-i ■ T^h, c E A Write x = 9^ 1 (y) G 9^ 1 (V g -i ■ 
T>h) = X\-i • V h -i g -i. Then by (iv) of Definition 2.1 the left hand side of (5) becomes 

OghiO&iOg ° 9 h (x)w gA ]c} = 9 gh {9^[w g , h 9 gh (x)]c}. 

Applying (ii) of Lemma 2.3 we see that the latter equals to 9 g h{9~^[w g ^9 g h{xc)\] = 
w gt h9 g h{xc). Thus taking z = xc, (5) becomes 

w gjh 9 g h(z) = 9 g [9 h (z)]w gjh 
with arbitrary g,h G G, z G T> h -i ■ V h -i g -i, but this is (iv) of Definition 2.1 □ 

3. Some multipliers related to crossed products 

We first derive some consequences from the definition of a twisted partial action 6. 
Taking h = g~ l ,t = g in (vi) of Definition 2.1 we easily obtain that 

(6) e g (aw g -i tg ) = 9 g (a)w g:9 -i 

for any g G G, a G V„-i. Applying the multiplier w~ 1 _ 1 to the both sides of the above 
equality and replacing a by aw~}± , one has 

(7) 9 ^ aw ~ 9 -\ 9 ) = 

with any g£G,oG ^g^ 1 - F rom (6) and (7) we also obtain 

(8) 9- g 1 (aw gyg -i) = 9g 1 (a)w g -i >g V 5 G G, a G V g ; 
and 

(9) = e g\ a ) w ~g-\ g ^9 € G, a G V g . 
Item (iv) of Definition 2.1 implies 

9 a o O n -i(x) = w n „-ix«i _1 _, 

9 9 v / 9><? 9,9 
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with x G V g . Taking x = 9 g (a),a G T> g -\ and using (7), one comes to 

(10) g (w g -i jg a) =w g! g-i9 g (a) \/g G G, a G V g -i. 
Similarly as above one has the following equalities: 

(11) ^K-\ 9 a ) = y 9 € G,a G 2? fl -i; 

(12) = Wg-iJjHa) Vg G G, a G V g ; 
and 

(13) ^'(^-ifl) = %-i V 5 G G, a G 2V 
Using the equality # 9 -i o = w g -i g xw~\ (x G T> g -i), we have 

(14) flj^a) = vV/s- 1 ^)^- 1 ^ V 5 G G,a G 



Given a G-graded algebra B = geG B g , the set 



is evidently a A;-algebra with respect to the usual matrix operations. Here B g B g -i 
stands for the /c-span of the products ab with a G £> 9 , 5 G B g -i, and similarly B g -iB g 
is defined. Obviously C 9 is contained in the algebra of all 2 x 2 matrices over B, and 

therefore, if B is unital, the elementary matrices en = ( n n J and e22 = ( n J can 



v 0J ^ \0 \ i 
be seen as multipliers for C g . However even if B is not a unital algebra, one can define 
the multipliers en and e22 of C g in the natural way: 



x y\ fl 0\ _ fx 0\ fl 0\ fx y\ _ fx y 
y' x'J ' \ 0) ~ \y' 0) ' ^0 0J ' ly x'J "^0 

x y\ fO 0\_f0 y\ fO 0\ fx y\ _ fO 

y x7 ' vo ij ~ vo x7 ' vo iy ' \y x7 ~ ly x' ' ■ 

where x G B g B g -i,x' G B g -iB g ,y G B 9 ,y' G B g -i- 

In the case of a crossed product B = Axi@G the algebra C g is obviously of the form 



V g 5i V g 5 g 

Vg-lSg-l Vg-lSl 

If we assume that each algebra V g is unital with the unity element denoted by l g , then 
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C g is also unital and, consequently, C g can be identified with its multiplier algebra. 
Then taking the elements 

) ^ {Wg\g5g-, 

we see that C g possesses multipliers u g and v g which satisfy the equalities u g v g = en 
and v g Ug = e22- This however holds for general crossed products: 

Proposition 3.1. Given a crossed product AxqG by a twisted partial action 0, for 
each g € G there exist multipliers u g ,v g € Ai(C g ) such that u g v g = en and v g u g = e22- 

Proof. Define the multipliers u g and v g as follows. 

adi b5 g \ A) a5 g 

CSg-l dS\ J 9 \0 CWg-l gSl 

aSi b5 g \ (9 g (c)w gj g-i5i 9 g {d)5 g 
cSg-i dSx) \ 

a<5i _ / bSi 

dffj ^ " [dw^ Jg-! 

a<5i _ / 

Check first that u g is a multiplier. Write 

_ / a5\ b5 g \ , _ / a'(5i 
X " V cS g -i dSj and y " V c'^-i d'5 1 

By (6) we easily have 



u 



(XV)U -f° + W ^ C ') W 9,9- 1 ) 5 9 \ _ ) 

[Xy)Ug ~ \0 (c6 g -i (a') + d^wg-ijj - X[yUa) - 
Furthermore, for the (1, l)-entry of u g (xy), by (iv) of Definition 2.1, one has 
6 g (c) 8 g o e g -i(a')wg t g-i + 6 g (dc')wg : g-i = 

e 9( c ) w g,g- ia ' w gl^ w 9,g- 1 + 0<?( d )0<?( c 'H, 5 -i, 

which is the (1, l)-entry of (u g x)y. On the other hand, by (6) the (1, 2)-entry of u g {xy) 
equals 

(9 g (c)9 g oe g - 1 (b')w gtg - 1 +9 g (dd'))6 g = 

(9g(c)Wg < g- 1 b' + 9g(d)9g(d'))5g, 

using again (iv) of Definition 2.1. It is easily seen that this is the (1, 2)-entry of (u g x)y, 
implying u g {xy) = [u g x)y. One also has 

x(u v)-( ad 9( c ') w g,g-^i a6 g {d')5 g \ _ , . 

X[U ° y) ~ \c0 g -i(9 g (d)w gig -i)S g -i c9g-i(9 g (d'))wg-ij 1 ) ~ [XU ° )y 
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applying once more (6) and (iv) of Definition 2.1. This shows that u g is a multiplier 

OfCg. 

Similarly, using (7) one has (xy)v g = x(yv g ), and by (9) and (14) it is easily seen 
that (xv g )y = x(v g y). As to the equality v g (xy) = (v g x)y, the (2, l)-entry of v g (xy) is 

e^iaa' + b0g{c)w g ^ g -i)w~\ g 5 g -i = 

{9-\a)e-\a')w-\ g + 0-\by)8 g -i, 

by (9). Applying (14) this equals to the (2, l)-entry of (v g x)y. Using (9) and (14) we 
also see that the the (2, 2)-entries coincide, which shows that v g (xy) = (v g x)y. Thus 
v g € M.{C g ). By easy calculations we have u g v g = en and v g u g = e22- n 

We need one more property of a crossed product „4xeG by a twisted partial action, 
which is in fact an immediate consequence of its definition. More precisely, we easily 
see that V g 8 g ■ V g -iS g -i ■ V g 5 g = (V 2 g )w gg -i5 e ■ V g 5 g = V g 5 e ■ V g 5 g = T> g 8 g , as V g is 
idempotent and w g g -i is an invertible multiplier of V g . Thus the equality 

(15) V g 5 g -V g -iS g -i-V g 5 g = V g 5 g 
holds for any g G G. 

We shall work with a mild restriction on 6, supposing that each domain V g is left 
and right non-degenerate. Following [13] and [32] we say that an algebra I is right 
non- degenerate if for any / i £ I one has xl ^ {0}, and similarly is defined the 
concept of a left non- degenerate algebra. If each V g is left and right non-degenerate 
then we evidently have 

i/O =>■ x • V g -i5 g -i ^ and V g -i5 g -i • x ^ Vi G T^g5 g - 
For a general G-graded algebra B = © 9e c B g this corresponds to the property 

(16) x ^ x ■ Bg-i / and B g -i -x^O Vx € B g . 

We shall say that a G-graded algebra B is homogeneously non- degenerate if B satis- 
fies (16). It turns out that among the homogeneously non-degenerate graded algebras 
the crossed products by twisted partial actions are distinguished by the property (15) 
and the existence of the multipliers like in Proposition 3.1. The precise statement will 
be given in Theorem 6.1. 

Given a graded algebra B, write V g = B g B g -i. Observe that B g is a (V g ,V g -i)- 
bimodule, whereas B g -i is a {T> g -i, X> 9 )-bimodule, so that (V g ,V g -i,B g ,B g -i) together 
with the surjective maps B g <g) B g -i — > V g and B g -i <S> B g — > T> g -i, determined by 
the multiplication in B, form a Morita context. In general we know nothing about 
the existence of an identity element in V g , however in the situation in which we are 
interested in, the V g 's are idempotent rings and the bimodules B g ,B g -i are unital, 
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and so by a result of [32], T> g -i and V g are Morita equivalent (see Section 7 for the 
precise definitions). The idempotence of the Dg's, as wen as the property of the B g s 
being unital modules, is an immediate consequence of the analogue of (15) for graded 
algebras: 

(17) B g ■ B g -i ■B g = B g Vg£ G. 



The existence of multipliers of B, like in Proposition 3.1, turns out to be a powerful 
tool: we shall have that TD g -\ and V g are isomorphic and, the obtained isomorphisms 
will fit into a twisted partial action of G on B\ so that B = B\^®G. In order to 
carry out this idea we need some technical tools, which we develop in the next sections. 



4. Morita context and multipliers 

Let (ft, TZ', M, M', t, t') be a Morita context in which ft and TZ' are some (non- 
necessarily unital) algebras. We recall that this means that M is an ft-ft/-bimodule, 
M' is an ft'-ft-bimodule, r : M® n <M' -> TZ is an ft-bimodule map, t' : M'® n M -> TZ' 
is an ft'-bimodule map, such that 

r(mi <g> ml) = m\ r '{ml ® rn^), Vmi,m2 € M, ml € M , 

and 

T'{m'i <S> m) rn'2 = m'i r{m (8> m 2 ), Vm^, m 2 € M ', m G M. 
One can construct the linking algebra of the Morita context, which is the set 

with the obvious addition of matrices and multiplication by scalars, and the matrix 
multiplication determined by the bimodule structures on M and M' and the maps r 
and t', so that m • ml = r{m (g> m') and ml • m = r ' {ml ® m). 
If we have 

(18) 7e 2 = ft, (ft') 2 = ft', ftM + MTZ' = M and TZ'W + M'ft = M', 
it is easily verified that C 2 = C. Thus by [13, Prop. 2.5] 

(19) {wx)w' = w{xw') Vw, w' € A4{C), x € C. 

In the case of a graded algebra B with TZ = V g ,TZ' = D g -i ,M = B g and M' = B g -i , 
the linking algebra C evidently coincides with the algebra C g considered in the previous 
section. If the graded algebra B satisfies (17) then obviously (18) is also satisfied. 

Similarly, as it was done in the previous section for C g , one defines the multipliers 
en and e 2 2 of C in the natural way. 
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We are going to examine the situation in which the linking algebra C of a Morita 
context contains multipliers with properties announced in Proposition 3.1. More pre- 
cisely, suppose that we have a Morita context (1Z, 1Z', M, M' , r, r') such that the linking 
algebra C is idempotent. Suppose furthermore that there exists u, v € A4(C) such that 
uv = en and vu = e22- One may assume that e\\u = ue22 = u and e22V = ve\\ = v. 
For it is enough to replace u by e\\ue22 and v by e22ven, as (eiiue22)(e 22 veu) = 

, / j be arbitrary in 

C. Then 

ux = enu(e 22 x) = e u u (, °J = (* * 



Moreover, by (19), 

U (m' o) = u ( xei1 ) = ( ux ) e n = (o o) ' 

and the (1, l)-entry of the latter matrix depends only on m! . Denote it by u ■ m! . Thus 
we have a map of /c-modules M' 3 m' ^ u-m' £ 1Z which we denote by L u . Similarly, 

u {o r'J = u( - xe22 ) = y ux ) e ^ = ( o 

and we have a fc-linear map 1Z' 3 r' i— > u ■ r' £ M, which we denote by the same symbol 
L u . Thus we have 

0\ _ / urn' ur' N 
K m' r'J ~ \ 

Analogously, u, as a right multiplier, determines a pair of maps 

R u : ll3r^r-ueM and : M' 3 m! i-> m! ■ u G W 

so that 

r \ f ru 



u 



m! 1 U \ m'u 



In a similar way the multiplier v gives rise to the pairs of k- linear maps: 
L v : 1Z — > M', M->K'(ri->D-r,mHu.m) 



and 
so that 

and 



R v : M —> 7Z,1Z' ^ M' (m m • v,r' r' • v), 



1 r 




= 


° 


U 


i 




vm ) 



m\ _ / mv 
r' ) V ~ { r'v 
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Lemma 4.1. Let {1Z, 1Z', M, M' , r, r') be a Morita context such that the linking algebra 
C is idempotent. Suppose that the multiplier algebra M.{C) contains elements u and v 
with uv = e\\ and vu = e22- Then the multipliers u and v can be chosen such that u 
determines the maps 

L u : M' 3 m' i-> u ■ m' G 1Z, 11' 3 r' i-> u ■ r' G M, 

R u :K3r^r-ueM, M' 3 m' ^ m' ■ u £ 1l' , 
which are isomorphisms of k-modules whose inverses are respectively the maps 

L v : K 3 r t-^ v ■ r £ M', M 3 m i-> v ■ m G 11', 

R v : M 3 m h-> m ■ v G 1Z, 1l' 3 r ^ r' ■ v G M' , 

determined by v. Moreover, the following properties hold with arbitrary r,r\,r^ G 
1Z, r', r[, r' 2 G 1Z' ,m,m\,m2 G M,m' ,m! x ,m! 2 G M' : 

u(m'r) = (um')r, {r\r2)u = r\{r2u), (ru)m' = r{um'), 

u(m'm) = (um')m, (mm')u = m(m'u), (ru)r' = r(ur'), 

u(r'm') = (ur')m' , (r'm')u = r'(m'u), (m x u)m! 2 = m'^um^), 

u ( r i r 2) = ( ur i) r 2> (m'r)u = m'(ru), (m'u)r' = m'(ur'), 
and the corresponding properties involving v : 

v(r±r2) = (vr±)r2, (rm)v = r(mv), (mv)r = m(vr), 

v(mm') = (vm)m', (mr')v = m(r'v), (m\v)m2 = mi(vm2), 

v(rm) = (vr)m, (m'm)v = m'(mv), (r'v)m = r'(vm), 

v(mr') = (vm)r' , {r^r^v = r'^r^v), (r'v)r = r'(vr). 

Proof. The pairs of maps L u , R u , L V ,R V are already defined. It follows immediately 
from the equalities uv = e\\,vu = e22 that all these maps are isomorphisms of k- 
modules with inverses as announced in the lemma. 

Using the fact that u is a left multiplier, we have 

0\ \ (r m\ _ ( (um')r (um')m^ 
,m' 0) j VO j ~ \ 



u 



u 



0\ (r m\ \ _ fu{m'r) u(mm' 
m' " 



which gives the first two properties enounced in the lemma. The next two properties 
of the first column come from 

r'J) \m' r' 2 )-\ 

'0 0\ / 0\\_ fu{r'm') u{r[r' 2 f 
r'J \m' r' 2 )) ~ \ 

The second column of properties involving u is obtained from the fact that u is a 
right multiplier, whereas the last column comes from the equality (xu)y = x(uy) with 
appropriate x,y G C. The analogous properties involving v are obtained similarly. □ 



u 
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Remark 4.2. The list of equalities in the lemma above say that whenever we form a 
product of three elements one of which is u or v and the other two belong to M U M' U 
7?. U 72.', it is associative, i.e. we may put the brackets arbitrarily. 

Remark 4.3. It is directly seen that two pairs of some /c-linear maps 
L u : M' 3 m' *—> u ■ m' G TZ, TZ' 3 r' i-> u ■ r' G M, 
R u :TZ 3 r i-> r • u G M, M' 3 m i-> m! ■ u G TZ' 

determine a multiplier u of M(C) exactly when the equalities of the three columns 
involving u in Lemma 4.1 hold (and similarly for v). 

Remark 4.4. One can directly check that in Lemma 4.1 the assumption that C is 
idempotent can be replaced by that of (TZ') 2 = 1Z',1Z'M' = M'lZ = M' or by the 
assumption TZ 2 = TZ, TZM = MTZ' = M. 

The pairs of maps L u and R u given in Lemma 4.1 permit to establish an isomorphism 
between TZ' and TZ : 

Proposition 4.5. Let (TZ, TZ' , M, M', r, t') be a Morita context with idempotent linking 
algebra C such that M(C) contains elements u and v with uv = en and vu = e22- Then 
u and v can be chosen such that the map 

9 : TZ' 3 r' ^ ur'v G TZ 

is an isomorphism k-algebras, whose inverse is 

TZ 3 r i ^ vru G TZ'. 

Proof. Observe first that by (19) we have 

( U (o r'))^ = U ((o r)^ and ( V (p o)) U = V ((o o) U ) ' 

which implies (ur')v = u(r'v) and (vr)u = v(ru) so that it makes sense to omit brackets 
in ur'v and vru. 

Clearly, (u(TZ'))v = (M)v = TZ so 9 maps TZ' onto TZ. Moreover, because L u and R v 
are /c-isomorphisms, it follows that 9 is also a fe-isomorphism. Clearly TZ 3 x >— > vxu G 
TZ' is the inverse of 9. Thus it remains to show that 9 preserves multiplication. This 
follows from the next calculations: 

Given a G-graded algebra B = (B 9g c"6 9 which satisfies (17) and such that for any 
g G G there exist u g , v g G M.(C g ) with u g v g = en and v g u g = e22, applying Lemma 4.1 
to the Morita context (V g ,V g -i , B g ,B g -i ,-,■)> we nave the isomorphisms of fe-modules 

/-,.. : B g -i -> V g ,V g -i -> B g , R Ug : V g -> B fl ,B fl -i -> 2? fl -i 
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with inverses 

L Vg :V g >B g .B :l ■ V g -i , /,',,. :B g >V g , V g -i > B g . 
respectively. Moreover, by Proposition 4.5 

(20) 9g : V g -1 3IH UgXVg G Vg 

is an isomorphism of /c-algebras. 

5. Constructing w 9) h 

Lemma 5.1. Let B be a homogeneously non- degenerate G-graded algebra satisfying 
(17) and such that for any g G G the multiplier algebra A4(C g ) contains elements 
u g and v g with u g v g = en and v g u g = e22- Then there are isomorphisms of right 
B-modules 

L Ug : Bg-iB B xy i-> (u g x)y G B g B {x G B g -i,y G B), 

L Vg : B g B B xy i-> (v g x)y G B g -iB (x G B g ,y G B) 
and isomorphisms of left B-modules 

R Ug : BBg-i 3 xy ^ x(yu g ) G BB g (x G B,y G B g -i), 

R Vg : BB g 3 xy i-> x(yv g ) G BB g -i (x G B,y G £ s ), 
smc/i i/iai L„ 9 extends the pair of maps 

L Ug ■ Bg-l — > T>g,T> g -l —> Bg, 

R Ug extends 

R Ug :Vg^Bg,B g -i -Vi, 
and similarly for L Vg and R Vg . Moreover, L Vg = L~ g and R Vg = R~ g . 
Proof. Observe first that 

(21) Mxy) = u gi x )v Vx e B g -i,y e B e . 

Indeed, by (17), B g -iV g = B g -iB g B g -i = B g -i, and thus we can write x = J2 x i x 'l 
with x\ G B g -i,x'- G T> g . Then using the first equality in Lemma 4.1, and keeping in 
mind that x'-y G V g B e C we have 

M^y) = = X^( x ^ /y = J2 u 9( x 'i x i)y = u 9 ( x )y> 

as desired. 

We define L Ug first on B g -\Bh with arbitrary /i G G by 

L Ug {xy) = {u g x)y Vx e B g -i,y e B h , 
and extending it additively to arbitrary elements of B g -\Bh- Then 

Z U9 : B g -iB h - 
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is a well-defined map. For suppose Yl x iVi = for some X{ £ B g -i,yi £ £>h. Then for 
any z £ applying (21) we have 

(Lu g C%2,Xiyi))z = ^2u g (xi)yiZ = ^2u g (xiyiz) = UgC^XiViz) = 0, 

as yiz £ B e . Since z £ S^-i is arbitrary, it follows that (L Ug (Y^ Xiyi))B h -i = 0, which 
implies L Ug (J2xiyi) = 0, as B is homogeneously non-degenerate. 

Since B = ©/jgc Bh we can extend L Ug additively to a well-defined map 

L Ug :B g -iB^ V g B, 

which sends xy i-> (u g x)y with x € B g -i,y £ £>. Observe now that 

B g B h = B g B g -iB g B h CV g B, 

in view of (17). Consequently, £? 3 £> C and since obviously X^fi C B g B , one has 

T> g B = B g B. 

Thus we obtain a map 

L Uff : B g -iB -> £ 5 £, 

which is a homomorphism of right ^-modules by its construction. Its restriction to 
Bg-i clearly coincides with L Ug . Now let z £ = Bg-^Bg be arbitrary and write 

£ B g . Then using the second equality of the first column in 

Lemma 4.1, we have 

Lu a {z) = ^2{u g Xi)yi = ^2u g (xiyi) = L Ug (z), 

so that L Ug , when restricted to D g -i, coincides with L Ug . 

We proceed similarly with R Ug . Using the equality B g -i = B g -iBgB g -i, we readily 
obtain 

(22) (xy)ug = x(yu g ) Vx £ B e ,y £ B g -i. 

Then for an arbitrary fixed h £ G set 

Ru g (xy) = x(yu g ) \/x £ B h ,y £ , 

which gives a well-defined map 

R Ug :B h B g -i ^B h Vg-i. 

Indeed, if ^ Xiy-i = with Xi £ £ B g -i then zxj £ B\ for any z £ B h -i and using 

(22) we have 

z^x^yjUg) = y^^zXjyjjUg = 0. 

As above this yields R Ug (J2xiyi) = 0, as B is homogeneously non-degenerate. 

Extending additively we come to a well-defined homomorphism of left fi-modules 

R Ug : BBg-i - = 

The maps L^ 9 and R Vg are obtained by analogous arguments. Finally, for x £ 
B g -i,y £ £> we obviously have 

^ 9 o L Ug (xy) = L Vg ((u g x)y) = (v g u g x)y = xy, 
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as L Vg = L u \ It is also evident that L Ug o L Vg is identity on B g B. Hence L Vg = L Ug 
and similarly R Vg = RZ g - D 

We shall write u g x = L Ug (x),xu g = R Ug (x),v g x = L Vg {x) and xv g = R Vg (x), pro- 
vided that x belongs to the domain of the considered map. 

Remark 5.2. Suppose that B is as in the above lemma. It will be convenient to observe 
the following equalities which easily follow from Lemma 5.1: 

u g {xy) = (u g x)y \/x G T> g -i,y G B, 

(xy)u g = x(yu g ) Vx G B,y G V g , 

v g {xy) = (v g x)y Mx G T> g , y G B, 

{xy)v g = x(yv g ) Mx G B,y G V g -i . 

We shall use the maps obtained in Lemma 5.1 to construct the multipliers w g ^. We 
list first some easy consequences of the property (17). 

Lemma 5.3. Suppose that B = @ ge Q&g is a graded algebra satisfying (17). Then for 
all g, h G G we have: 

(i) B g -.B g B h = B g -.B gh , B g B h B h -, = B gh B h -r, 

(ii) V g V h = V h V g , 
(m)V g Bg = B g ,B g V g - 1 =B g . 

Proof. Clearly, 

B g -iB g B h C B g -iB gh = B g -iB g B g -iB gh C B g -iB g B h , 

which gives the first equality of (i). The second one follows similarly. Using (i) we 
have 

V g V h = B g B g -iB h B h -i = B g B g -i h B h -i = B g B g -i h B h -i g B g -i h B h -i = 
B h B h -, g B g -, = B h B h -,B g B g -, 
and (ii) follows. Finally, item (iii) is immediate. □ 

Proposition 5.4. Suppose that B is a G-graded algebra as in Lemma 5.1. Then for 
any g,h G G the equality 

Wg y h = UgUhVgh 

defines an invertible multiplier ofVgVgh with 

%i = u 9hVhV g . 
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Proof. Take arbitrary x, y G VgVgh = V g hV g and write x = Yl x ' x " with x' G V g h 
and x" G V g (we omit the indices for simplicity). Then by Remark 5.2 

v 9 h(xy) = ^v gh {x'x"y) = J2 v 9h( x ') x "y = ^v gh {x'x")y = (v gh x)y. 
We also have 

v gh (x) G v gh (V gh V g ) = v gh (V gh )V g = B h -i g -iVg = B h -iB g -iV g = B h -iB g -i, 

by Remark 5.2 and (17). So we can write v g h(x) = J2x'x" with x' G B h -i,x" G 
Then by Lemma 5.1 

UhV g h{xy) = ^2u h (x'x"y) = ^2u h (x')x"y = ^u h (x'x")y = {u h v gh (x))y. 

We see that 

u h v gh (x) G u h (B h -iB g -i) = u h (B h -i)B g -i = V h B g -i = V h V g -iB g -i = V g -iV h B g -i, 
and we can write UhV g h(x) = ^2 x'x" with x' G V g -i and x" € £>. Then 

u g {{u h v gh x)y) = ^2u g (x'x"y) = ^2u g (x')x"y = ^u g (x'x")y = {u g u h v gh (x))y. 
This shows that 

u g u h v gh (xy) = u g u h v gh (x)y Vx,y G V g V gh . 

We also have 

UgU h Vg h (Vg h Vg) = Ug (V g - 1 V h B g - 1 ) = Ug (V g - 1 ) V h B g - 1 = BgT> h B g -l 
= BgV h Bg-lVg = BgB h B h -lB g -lVg = Bg^-lg-lVg = V gh V g . 

Using similar calculations one also shows that 

(xy)u g u h v gh = x(yu g u h v gh ) Vx, y G V g V gh 

and 

{Vg h Vg)UgU h Vg h = V g h V 'g . 

On order to prove that w g ^ = u g UhV g h is a multiplier of V g V g h it remains to show 
that 

{ x w g ,h)y = x(w g>h y) Vx, y G V g V gh . 
However, the above property is a consequence of the next two equalities which can be 
easily verified by Lemma 4.1: 

(xug)y = x(u g y) Vx G BB g -i,y G B g -iB, 
(xvg)y = x(v g y) Vx G BB g , y G B g B. 

Thus 

Wg th G M{VgVg h ). 

Finally, because all involved maps are invertible, w 9t h is also invertible with w~\ = 

UghVhVg- □ 
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6. The criteria 
Now we are ready to formulate the next result. 

Theorem 6.1. A homogeneously non- degenerate graded algebra B = (B ge QB g * s * so " 
morphic as a graded algebra to a crossed product by a twisted partial action of G if and 
only if the following two conditions are satisfied: 

(i) B g ■ B g -i -B g = B g Vg £ G; 

(ii) for any g G G there exist u g ,v g £ A4(C g ) such that u g v g = en and v g u g = e22- 

Moreover, if a homogeneously non- degenerate graded algebra B satisfies (i) and (ii), 
then with the notation introduced in the previous sections 



= ({' D g}geG,{Qg}geG,{ w g,h}(g,h)tGxG) 
form a twisted partial action of G on A = B\ such that 

¥ '■ B 9 3 Yl a 9 ^ Yl a 9 v 9 5 g G -4*eG 

geG 

is an isomorphism of graded algebras, whose inverse is 

if- 1 : A-AqG 3 Y a 9 6 9 ^Y a 9 U 9 G 0^9- 

geG 

Proof. The "only if" part is proved already in Section 3 so suppose that B is 
homogeneously non-degenerate satisfying (i) and (ii). Evidently, V g = B g B g -i (g G G) 
are idempotent two-sided ideals in A which commute by (ii) of Lemma 5.3. Thus we 
have (i) of Definition 2.1. We know already by (20) that 

6g \ V g -1 3lH UgXVg <G Vg 

are isomorphisms of /c-algebras, and by Proposition 5.4, w g ^ are invertible multipliers 
of VgV gh . 

Obviously, V>\ = (A) 2 = A, by (i). Then evidently C\ is the algebra of 2 x 2-matrices 
over A and one can define the multipliers ei2 = fg q J and e2i = ( ^ q j by setting 



fx y\ fO 1\ (0 x\ fO l\ fx y\ fx' y'\ 
\x' y'j'yO OJ \0 x')' \0 OJ ' \x' y'j \0 0J> 

fx y\ fO 0\ fy 0\ fO 0\ fx y\ fO 0\ 
\x' y'J ' \1 O) \y' O) ' \l O) ' \x' y'J \x y) ' 

where x,y,x',y' G A. The multipliers u e and v e can be chosen to be equal to e\2 and 
e2i respectively. Then L Ul , L Vl : A — > A, R Ul , R Vl : A — ► A, L Ul , L Vl : AB — > AB and 
R Ul , : BA — > 25^4. are all identity maps. Consequently, 6*i : ^4 — ^ ^4. is the identity 
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isomorphism, and wi i9 = u g v g = w 9i i is the identity multiplier of V 2 g = T> g . This gives 
(ii) and (v) of Definition 2.1. 
Next observe that 

9 g (V g -iV h ) = {u g V g -,V h )v g = {(u g V g -,)V h )v g = (B g V h )v g = {B g V g -,V h )v g = 
(B g V h V g -i)v g = B g V h (V g -i)v g = B g V h B g -i = B g V h B g -iV g = B g B h B h -iB g -iV g = 

B g hB h -l g -lV g = V gh Vg, 

and (iii) of Definition 2.1 is also satisfied. 
For arbitrary x G T> h -iT> h -i g -i we have 

( w g,hQgh{x))Wg* h = (u g u h (v gh o Ug h (xv gh )))u gh v h Vg = (u g u h (xv gh ))u gh v h v g , 
as v g h o Ugh is identity. By a direct inspection we see that 

U h {XVg h ) G B h B h -lg-l = B h B h -lg-lVg h = B g -lVg h = Vg-lBg-lVgf, C Vg-lBVgfr. 

We also have that 

(23) (u g y)u t = u g {yu t ) \/y G V g -iBV t . 
Indeed, write y = Y1 zz'z" with z G V g -i,z' G B, z" G V t . Then 

(U g {zz' z"))ut = (U g (z)z' z")u t = U g (z)z'(z"u t ) = (U g z)({z'z")u t ) = 
U g (z((z' z")u t )) = U g ((zz'z")ut), 

which implies the claimed equality. 

Applying (23) with t = gh it follows that 

(Ug(u h (xVg h )))Ug h = Ug {(u h (xV g h ))Ug h ) . 

Now it is readily seen that 

xvg h G V h -iB h -i g -i = V h -iB h -i g -iV gh C V h -iBV gh , 
and using (23) again we have 

(u h (xVg h ))Ug h = U h (xVg h O Ugh ) = U h X, 

as v g h ° u g h is identity. Thus we obtain that 

(v>g,hOgh(x))w-) l = (u g Uhx)v h V g . 

Observe next that 

u h x G BhVh-i g -i = Bg-iBg h = V g -,B h = V g -,B h V h -, C V g -.BV h -i 
and one can easily check that 

(24) (u g y)v h = u g (yv h ) Vy G V g -iBV h -i. 
This yields that 

{w g ,hO gh (x))w^ h = u g (u h xvh)v g = g o 9 h (x), 
proving (iv) of Definition 2.1. 
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In order to prove that O is a twisted partial action it remains to check the co-cycle 
equality (vi) of Definition 2.1. For any x G V g -iT>hDht we have 

9g(xWh,t)Wg,ht = {u g {xU h UtV ht ))VgUgU ht Vg h t = {Ug{xU h U t V ht ))u ht Vg h t, 

as VgUg is identity. We see that 

xu h G V g -iV ht B h = V g -iB ht B t -i, 

and 

xu h u t G V g -iB ht V t -i = V g -iB ht V t -iV t -i h -i C V g -iBV t -i h -i. 
Then by (23) and (24) 

u g {xu h u t v ht ) = (u g {xu h ut))v ht = ((u g (xu h ))u t )v ht , 

and thus 

dg(xWh,t)Wg,ht = {ug(xu h ))u t v h tu h tVg h t = (ug{xu h ))u t Vg ht . 
Furthermore, since clearly x G V g ~iBT>h, applying once more (23) we obtain that 

Qg{xw hjt )w g:ht = {u g x)u h u t Vg ht . 

On the other hand, 

0g(x)Wg ih Wg h ,t = {UgX)VgUgU h Vg h Ug h U t Vg ht = (u g x)u h U t V g ht , 

completing the proof of the co-cycle equality. 

It remains to show that <p is an isomorphism of algebras. Clearly a g v g G T> g for 
a g G B g so that a g VgS g is an element of AxiqG. It is also evident that p> is /c-linear, as 
v g is so. Moreover, because each v g : B g — ► V g is bijective with inverse u g , it follows 
that (p is bijective with ip^ 1 : ^2a g 5 g i— > Y2 a g u g- Thus it remains to check that ip 
preserves multiplication. Taking x G B g and y G £>h we have 

tp(x)ip(y) = (xv g 5g) ■ {yv h 5 h ) = 6g(6~ 1 {xvg)(yv h ))wg :h 5g h . 

By Remark 5.2, 

9g(e~ l (xVg)(yV h ))Wg^ h = (u g^ (XV g)yV < h ]v g)U gU h V gh = 

(ug[6g 1 (xvg)yv h \)u h vg h = (uglO^ixVg^yvh^UhVgh = 

{Ug[9~ l {xVg)}{yV h U h ))Vg h = (Ug^ixVg^Vgh, 

as VgUg and VhUh are identity. Furthermore, 

(Ugie^ixVg^Vgh = (u g[v g(xV gU g)\ V )v gh = ( U g[v g x]y) V gh = (xy)Vg h . 

On the other hand, 

ip(xy) = {xy)vg h 5 gh 

which completes the proof of the equality <p(xy) = ip(x)(p(y). □ 

The above criteria can be modified under the assumption that each D g is an s-unital 
ring. We remind that a ring 1Z is called left s-unital if for any r G TZ there exists an 
element y G 1Z with yr = r. Equivalently, for any finite subset F of TZ there exists 
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y G TZ such that yr = r for all r G F (see [17, Lemma 2.4]). A left s-unital ring is 
clearly idempotent. A ring TZ is said to be s-unital if it is both left s-unital and right 
s-unital. We proceed with the next: 

Proposition 6.2. Let (1Z, TZ', M, M' , r, t') be a Morita context with s-unital algebras TZ 
and TZ', and surjective r and r' , such that M'TZ = TZ'M' = M' and MTZ' = TZM = M. 
Then the following are equivalent: 

(i) There exist u, v in M.{C) such that uv = en and vu = e^2- 

(ii) There are maps 

ijj : TZ —> M, and ip' : TZ' -> M, 

such that ip is an isomorphism of left TZ-modules, -ip' is an isomorphism of right TZ' - 
modules, and 

(r-ip)r' = r(tp'r') 

for all r eTZ and r' G 7Z'. 

Proof. The algebra C is easily seen to be idempotent, so (i) =^ (ii) follows by 
Lemma 4.1. 

For the converse, observe first that one has the isomorphism M' (g-^ 1Z = M' given 
by m! <g r i-> m'r. Indeed, the map is clearly surjective in view of M'TZ = M' . Suppose 
that ^2 m[ ® ri i — ^ 0, i. e. m'^i = 0. Then there exists r £ TZ with r^r = ri for 
all i, and m\ (g ri = ^ (g r^r = ^ m[ri <g r = 0, as claimed. One similarly has 
the isomorphism TZ' fS>Ti' M' = M' defined by r' (g m' i— > r'm'. Moreover, the maps 
M M' — > TZ, and M' (g^ M — > TZ' given by the context are also isomorphisms. For 
the maps r, r' are surjective by the assumption. Suppose that t(^2 mi <g m'j) = 0. In 
view of M'TZ = M' there exists r G TZ with m\r = m'i for all i. Write r = t(^) ■ Xj (gx^) 
with Xj G M, x'j G M'. Then 

^ mi®m' i = ^2 m i ® m i r = ^ ^ m i ® m 'i T ( x j ® x 'j) = 

i i i j 

y~] mj <8) r'(m- (g Xj)x^ = ^ ^ mir' (m'i (g x-,-) (g x^- = 
y~] r(mj (g m'i)xj (g x^- = 0, 

which shows that r is injective, and thus it is an isomorphism. The verification for t' 
is similar. 

We shall use notation consistent with that of Lemma 4.1, so write 

L u : TZ' B r h-> tp'r' G M, and R u : TZ B r ^ rifi e M. 
The composition 

(25) M' = ft' <8^ M' ^ M (g-^ M' -> K 



24 CROSSED PRODUCTS BY TWISTED PARTIAL ACTIONS AND GRADED ALGEBRAS 



clearly possesses an inverse and thus it is an isomorphism of right 7£-modules which we 
denote by L u (so that that as in Lemma 4.1 L u stands for the pair M' — > TZ, TZ' — > M). 
Use R u to denote the following composed map: 

(26) M' = M' ® n TZ ^ M' ® n M -» ft' 

which is an isomorphism of left 7£'-modules (thus i? u stands now for the pair TZ — > 
M, M' — > 72-'). Denote the inverses of the above maps by L„ : 7?. — > M', M — ► 72.' and 
R v : M ^> TZ, TZ' — > M'. Next define the multiplier u of C by setting 

(r m\ _ / to' ur'\ / r m\ _ /0 ru 

m' r'J " V J and Vm' r'J U " ^0 m'u 

where W := L u (m'), ur' := L u (r'), ru := (r)R u , m'u := (m')R u . One needs to 
make sure that this in fact defines a multiplier. By Remark 4.3 one has to check 
the equalities in the three columns involving u in Lemma 4.1. The fact that our 
four maps L U ,R U are module morphisms give four of the equalities, i. e. u(m'r) = 
(nm')r, itfrj^) = (ur[)r' 2 , (ri^u = rifou), (r'm')u = r'(m'u), whereas the property 
(rijj)r' = r(ip'r') means (ru)r' = r(ur'). Moreover, (25) and (26) give u{r'm!) = (ur')m' 
and (m'r)u = m'(ru). It is a straightforward exercise to verify the remaining five equal- 
ities, and bellow we check one of them: u(m'm) = (um')m. Write m! = ^ r^m^ in 
view of M' = TZ'M' . Then using the equalities u(r'm') = (ur')m' and uir'^r^ = 
(ur'j)^) pointed out above, we have {um')m = (u^r^m'^m = Y(( ur i) m i) m = 
Y( ur i)( m i m ) = Y u ( r i{ m 'i m )) = Yl u((r' im'^m) = u(m'm), as desired. 
Analogously, the equalities 

/ r m\ _ ( \ ^ / r m\ _ ( mv 
\m! r' J \vr vmj \m! r' J yr'v 

where vr := L v {r), vm := L v (m), mv := {m)R v , r'v := (r')R v , define a multiplier v 
of C, and it is readily seen that uv = e\\,vu = &22- D 



Remark 6.3. In view of Remark 4.4 one directly verifies that the above proposition 
remains valid if we remove from the assumptions one of the pairs of equalities 7ZM = 
Mil' = M or TZ'M' = M'lZ = M' . 

A left module M over a (non-necessarily unital) ring TZ is called torsion-free (or 
non-degenerate) if 

x G M, TZx = =^> x = 0. 
On easily obtains the following: 

Lemma 6.4. Let TZ be a left s-unital ring and let M be a left TZ-module such that 
M = TZM . If x G M then x G TZx. In particular, M is torsion-free. 

Now we can state the next: 



Theorem 6.5. Suppose that B = (B 9 eG &g is a G-graded algebra such that T> g is an 
s-unital ring for each g G G. Then B is isomorphic as a graded algebra to a crossed 
product by a twisted partial action of G on B\ exactly when the following two conditions 
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are satisfied: 

(%) B g ■ B g -i -B g = B g V<7 € G; 

(ii) for any g € G there exist maps 

Ipg -.Vg^ Bg 072^ 1p' g \ V g -1 -> Bg, 

such that ip g is an isomorphism of left V g -modules, ip' g is an isomorphism of right 
V g -i -modules, and 

(d*fjg)d' = d(^-ld') VdG Vg,d' G Vg-l. 



Proof. By (i) we have 

VgBg =Bg= B g V g -,, = B g -1 = B g -lVg 

for each g £ G. By Lemma 6.4, the left P s -module B g is torsion-free. Hence if x £ B g 
and Bg-ix = then D 9 x = 0, and consequently x = 0. Similarly, x € B g -i,xB g = 
implies x = 0, and thus B is homogeneously non-degenerate. Our result then follows 
from Theorem 6.1 and Proposition 6.2. □ 

Remark 6.6. If B = A*aqG is a crossed product by a twisted partial action, then ijj g 
is the map P 9 9on a5 9 G £> s and ^ is 2^-1 3oh 0g(a)5 g € -B 9 . If 6 is global and 
.A has 1,4 then each V g = A and identifying A with A8\ Q B we see that ^ s is the 
multiplication by lA$g from the right whereas ip' is multiplication by the same element 
from the left. 

7. Constructing some finitely determined maps 

Our next aim is to obtain an algebraic version of Theorem 7.3 from [22] for which 
we do some preparatory work in this section. As it is mentioned in the Introduction, 
we view the C*-property of having a countable approximate identity algebraically 
as that of possessing a countable set of local units. We say that an algebra 1Z has 
local units if for any r G 1Z there exists an idempotent e € 1Z such that r £ elZe. 
Equivalently, any finite subset of 7Z is contained in a subring of the form e1Ze for 
some e = e 2 € TZ (see Remark 7.1 below). The algebra 7Z possesses a countable 
set of local units exactly when there exists an increasing sequence e\ < e2 < . . . of 
idempotents in TZ with TZ = U^^iTZei. Here e\ < e% means that e\e2 = e-2ei = e\. The 
elements e[ = e\ and e- = — ej_i (i > 2) are pairwise orthogonal idempotents and 
TZ = ieN TZe'i = ieN e'jTZ. More generally, we say that TZ possesses orthogonal local 
units if there exists a set of (non-necessarily central) pairwise orthogonal idempotents 
E in TZ such that 



(27) 



TZ = TZe = eTZ. 

e€E e<=E 
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Rings TZ with (27) are also called rings with enough idempotents (see [31]). As it is 
shown by P. N. Anh and L. Marki [3], every Morita equivalence class of rings with 
local units contains rings with orthogonal local units. 

Remark 7.1. We observe that if TZ is a ring such that for any r <G TZ there exists an 
idempotent e € TZ with r 6 elZe, then for any finite subset {r\, r-i, ■ ■ ■ r m } C TZ there 
exists an idempotent e € ft such that £ efte for alH = 1, . . . m. Indeed, our ring ft is 
right s-unital and thus there exists y G TZ such that riy = rj for alH = 1, . . . , m. Take 
an idempotent f € TZ with yf = y. Then r,- L = Tiyf = r^/, i = 1, . . . m. Analogously, 
since TZ is left s-unital, there exists x € TZ with xr\ = r±, . . . , xr m = r m and xf = f. 
Take an idempotent e € TZ such that ex = x. Then rj = erj, i = 1, . . .m and / = e/. 
Setting now e' = e + / — /e it is directly verified that e' is an idempotent with 
ri,...r m e e'TZe'. 

We shall need some information on the Morita Theory for idempotent rings. The 
reader is referred to [32] for the details. Given an idempotent ring TZ, a left 7£-module 
is said to be unital if TZM = M. The category of left (respectively, right) unital torsion- 
free modules is denoted by 7£-mod (respectively, mod- TZ). Two idempotent rings TZ 
and TZ' are called Morita equivalent if the categories 7£-mod and 7£'-mod are equiva- 
lent. This happens exactly when there is a Morita context (TZ, TZ' , M, M', r, r') with 
unital n M, M n , , n , M' , and surjective r : M ® w M' -> TZ, t' : M' ® n M -> ft'. 
Then the categories mod-ft and mod-ft' are also equivalent and vice versa. 

When dealing with modules over rings without identity, the concept of a finitely 
generated module is refined by using the categorical definition with respect to a family 
of generators (see [35, p. 72] ). For rings with orthogonal local units, however, we 
will be satisfied with the "usual" definition, so that we say that a left ft-module N is 
finitely generated if there exist finitely many y-i € N such that N = ^ TZy-i. Note that 
TZ in general does not need to be finitely generated as a module over itself. Note also 
that a finitely generated ft-module is necessarily unital, as TZ is idempotent. 

We shall use the next easy fact which also explains that our definition of finitely 
generated modules is equivalent to the categorical one with the most naturally chosen 
family of generators. 

Lemma 7.2. Let TZ be a ring with a set of orthogonal local units E and set £ = {TZe : 
e G E}. A left TZ-module M is E-finitely generated if and only if there exists a finite 
number of elements y\, . . . , y t of M, such that M = TZlJt- 

Proof. For the reader's convenience we remind that according to [35, p. 72], a left 
ft-module M is said to be finitely generated with respect to the generating set £ if 
there exists a finite subset Eq C E such that M is an epimorphic image of a finite 
direct sum of modules each of which is isomorphic to some TZe with e 6 E$. Now our 
assertion easily follows by observing that for any x € M, there exists a finite subset 
E' C E such that x £ SegB' ^- ex - D 
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Let P be a left 7£-module with given fixed decomposition 

P = ®Pi 

into a (non-necessarily finite) direct sum of finitely generated submodules. By an 
admissible summand of P we shall mean a direct summand of P which is a finite sum 
of some of the Pj's. The Pj's shall be called admissible components of P. Let Q be also 
a left 7£-module with the fixed decomposition 

Q = Qj , 

with finitely generated Qj's which are taken to be the admissible components of Q. 

Definition 7.3. An IZ-module homomorphism ip : P — > Q shall be called finitely 
determined if for any admissible summand L\ of Q there exists an admissible summand 
L*2 of P such that 

(x)ip o Ai = (x)A 2 o ip\ L2 o Ai 
for all x £ P, where Ai : Q — > L\ and A2 : P — > £2 a^e i/ie projections and iI>\l 2 * s ^ e 
restriction. 

Evidently the composition of finitely determined maps is finitely determined, and 
when checking that ip is finitely determined is enough to take L = Qj with arbitrary 
Qj. 

For the module P0Q the admissible components will be those of P and Q, and the 
same will be used for infinite direct sums of modules with fixed admissible components. 

In order to construct some finitely determined maps we shall fix the following nota- 
tion. The rings 1Z and 1Z' both will have orthogonal local units, respectively denoted 
by E and F. Thus 1Z satisfies (27) and similarly for 1Z' we have 

(28) n' = n'f = fn'. 

feF feF 

The cardinalities of E and F are arbitrary. Suppose further that 1Z and TZ' are 
Morita equivalent. This means that there exists a Morita context (7Z, 7Z f , M, M' , r, r') 
with surjective maps (in fact, by [32, Proposition 2.4] the maps r, r' are bijective). 
Moreover, by Lemma 6.4, the modules nM, Mn> ,w M' , are all torsion-free and 
by [32, Theorem 2.7], the functors M'(& n _ : ^-mod -> ft'-mod and M ® n > _ : 1Z'- 
mod — ► 1Z- mod are inverse category equivalences, which are unique up to natural 
isomorphisms. Note that our category equivalences preserve short exact sequences. 
Write x ■ x' = t(x <g> x') and x' ■ x = t'(x! ® x) where x G M,x' G M' . Since M = 
1ZM = M1Z' and M' = TZ'M' = M'TZ, it follows by (27) and (28) that 

(29) M = eM = Mf and M' = fM' = M'e. 

eeE feF feF eeE 

For any / G F write 

(30) f = Y / x' i -x l , 

i=i 
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where Xi = x\^ G M, and x\ = xf^ G M' . One evidently may suppose that x\ = xif , 
and fx\ = x\ for all i. 

Observe next the following easy facts. 
Lemma 7.4. With the above notation we have: 

(i) For each e G E and f G F the modules Ti(Mf), and n<(M'e) are finitely gener- 
ated. 

(ii) Finitely generated modules are preserved under the equivalences M'®-ji _ and 
M® n i _. 

Proof, (i) For any y G M by (30) one has yf = J2i(y x 'i) x i- Since yx\ G 1Z, it fol- 
lows that Mf = 1Zx\ + . . . + 1Zx np so that the left 7£-module Mf is finitely generated. 
Similarly, so too is ■ji'(M'e). 

(ii) Follows easily by using (i) and Lemma 7.2. □ 

We proceed by constructing some homomorphisms. For each / G F, by (30) we may 
define the map 

TT f : K n f 3 (ri,r 2 ,...r n/ ) ^ ^r iXi G Mf, 

where Xi = x\^ and x\ = x'^\ This is an epimorphism of left 7£-modules, as yf = 
TT f (yx' 1 ,yx' 2 , yx' nf ) for any y G M. The map 

p f :MfByf^ (yfx'^yfx'z, . . . yfx' nf ) G K n * , 

obviously splits 717, i.e p/°vr/ = id. Then we have the exact sequence of left 1Z- modules 
and homomorphisms 

— > K f m+n n f Mf — > 0, 

in which Kf is the kernel of 717 and pf is its imbedding, and also the exact sequence 
of the splitting maps 

< — K f ^K n f £- Mf < — {fif o Tf = id). 

Note that since x\ = fx\, one can consider pf to be defined on M and xpf = (xf)pf 
for all x G M. 

Let X be an infinite set of indices whose cardinality is bigger or equal to those of 
E and F. Completing E or F with zeros, we may assume that \X\ = \E\ = \F\. Let 
further 1l( x ) be the direct sum of copies of 1Z indexed by the elements of X and write 
ftPO = /eF Tl n s. Here we assume K n f = if / = 0. Define the map 

7r:0^"/9(f / )^^(f / )7r / GM, 
feF feF 
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here f f G ft™/. By (29) 7r is an epimorphism of left ft-modules. Since x — ^ feF ^ f> 
we see that -it is split by the homomorphism 

p : M B x » (xp f ) € QK n f, 
feF 

i.e. p o 7r = id. Similarly, the maps pf, Tf (f G F) determine the left 7?.- module 
homomorphisms p : K ^ TZ^ and r : ft( x ) — > i^, where K = 0/ e ^ resulting in 
the exact sequences 

(31) — ► K TZ {X) M — >0 and 0< — K ^— TZ {X) ^— M < — 0, 
where po t = id. 

Taking TV instead of TZ and M' instead of M in (31), we obtain that there are exact 
sequences of left ft'-modules and homomorphisms 

(32) — » K' K' {X) -^—> M' — ► and < — K' ft /P0 M' < — 0, 

with p' o ir' = id, p! o r' = id. Applying the equivalence functor M®-rj _ we come to 
the exact sequences of left ft-modules and homomorphisms: 

(33) — > K M W ^+ ft — > and < — 4- AfW J- TZ < — 0, 

with pon = id, pof = id, where K is the submodule of obtained from M^tz'^' 

by using M®^jTV =k M, and p is the embedding of K. 

We shall fix for the rest of this section the decomposition for the modules -r,M, -r,>M', 
■rTZ, tz'TZ', ftK, tz'K', and nK. For -pTZ and k>TZ' take as fixed the decompositions 

TZ = TZe and TV = ft'/. 

eeE feF 

so that the admissible components of TZ are the fte's and those of TZ' are the ft'/'s. 
We fix now the decompositions for nM and ^'M' : 

M = Mf and M' = M'e. 

feF eeE 

eeS eM, there exists an idempotent G ft such that 
1, ... n/, which is a (finite) sum of some e's from E. Clearly 

= (fte)"/ C K/, 

eg_B,ee</)=0 



As to ftK, since M = 
e U) = e U) x (p for all j = 
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and we have K f = 0L (/) with = K f n (TZe^) n f . Since K f is a direct 
summand of lZ n f , the left 7£-module L^) is a direct summand of (lZe^) n f . Because 
(TZe^) n f is finitely generated, so too is LW. Then the sum 

(34) K = Q {IP) (TUm 

f£F eg£, ee (/)=0 

is a decomposition of K into finitely generated direct summands, and we fix the mo- 
dules L^f) and He with / G F and ee^ = 0, e G E, as the admissible components of 
K. 

Working similarly with 1Z', M' and K', we define for each e G E the idempotent 
J* 6 ) and the module L'( e \ so that 

(35) = © (^' (e) WD 

^ E feF,ffi*)=o 

is a decomposition of K' as a direct sum of finitely generated submodules, and the 
modules L'^ and K'f with e £ E and //( e ) = 0, f €. F, are defined to be the 
admissible components of it"'. 

Applying the functor Mtg)^/ _ to the decomposition of we obtain the decompo- 
sition: 

(36) i^ = (LV (M/)-) 

eeS /eF,//( e )=o 

of -KT into a direct sum of submodules, where is the submodule of obtained 
from M® W L'W by using M® n ,K' = M. We know already that each Mf is finitely 
generated and, moreover, by (ii) of Lemma 7.4, so too is each L^ e \ Thus the modules 
Mf and L< e ) with e G E and //( e ) = 0, / G F, can be defined as the admissible com- 
ponents of K, so that the functor M®^/ _ preserves the admissible components when 
passing from (35) to (36). 

Now we are ready to state the next: 
Lemma 7.5. All homomorphisms in (31) and (33) are finitely determined. 

Proof. Taking L\ = Mf with arbitrary / G F and L<i = (TZe^) n f , it is readily seen 
that 7r is finitely determined. Next, any admissible summand L\ of TZ^ is contained in 
some lZ n f , so that taking L2 = Mf we immediately have that p is finitely determined. 
On the other hand, it follows from (34) that each admissible summand of K is either 
equal to an admissible one of *rS x ) or contained in a finite direct sum of them. It 
follows that both fi and r are finitely determined. 

Analogously all maps in (32) are finitely determined, and since the admissible sum- 
mands of (36) are defined so that they are preserved by M<S>n' _ > an maps in (33) are 
also finitely determined. □ 
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We apply the above lemma to give the next: 

Proposition 7.6. There is a finitely determined isomorphism of left TZ-modules 
ip : TZ^ — > whose inverse is also finitely determined. 

Proof. Observe first that by Lemma 7.5 the following are finitely determined 
isomorphisms of left 7*!.-modules: 

jr0r — >M@K, vfef:M (x) — >TZ © K, 

whose inverses are also finitely determined. Then using these maps and rearrangements 
of indices we apply the Eilenberg's trick: 

n {x) ^ (ftPO)PO ^ (M © K)W ^ AfW © K ix ^ ^ AfW © AfW © K ix ^ 

M {x) © (M © K) {x) ^ M (x) © (11 {X) ) {X) M (x) © TZ {X \ 

and similarly 

M (x) ^ ( M W)W ^ (7e © K)( x ) ^ . . . ^ ftPO © M (x) . 

It is directly seen that each step is a finitely determined isomorphism and thus so too 
is their composition ip : TZ^ —> M^ x \ as well as □ 

It seems to be interesting to give here some easy examples of non-finitely determined 
isomorphisms. 

Example 7.7. Let <f> : — > be defined by ei i— > ei,ej i— > ei + ej,i > 2, where 
the ej's are the canonical basis of M^. Then <f> is an R-isomorphism whose inverse is 
determined by e\ \— > ei, e, i— ► — e±, i > 2. Taking the canonical copies of R as the 
admissible components, it is immediately seen that 4> is not finitely determined, as well 
as its inverse. 

Example 7.8. Using notation from the above example define <j) '■ R^ — > R^ by 
ei i— > ei, ej i— > ej_i + e^, i > 2. Then is an IR-isomorphism whose inverse is given by 
ei i— ► X^}=o( — ^Y e i-j- It is readily seen that 4> is finitely determined, while <p~ l is not. 

8. The stable characterization of graded algebras 

Recall that given an algebra TZ and a (non-necessarily finite) set of indices X, we 
denote by RFMatx(7£) the algebra of all X x X-matrices over TZ which are row-finite 
and by FMatx (TV) the algebra of all X x X-matrices over TZ with only a finite number 
of non-zero entries. 

Lemma 8.1. Let TZ be a ring with a set E of orthogonal local units and P and Q left 
unital TZ-modules with decompositions P = (Bi^xPi and Q = (Bj^yQj, where Pi and 
Qj are finitely generated. Then 

(i) Hom^F, Q) ^ RFMat Xxy (Hom^(P i , Qj)) . 



(ii) P FMat {eii)eExX {ePi). 
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Proof, (i) Since each Pj is a finitely generated module then Hom-^.(Pj, ©jgyQj) = 
e ie yHom^(P,Q i ). Thus Uom n (® ieX Pi,®jeYQj) = Uiex ©jeyHom^P;, QA ^ 
RFMat Xx y(Hom^(P l ,Q j )). 

(ii) Clearly, Honr^e, P) ^ eP. Then, by (i), Hom^(ft,P) ^ RFMat £xX (eP) . 
Now P embeds in Hom^TZ, P) as right multiplication; so that, for each p <G P, with 
p = ^pj, we have p i— > (epj) G FMat£ X x(ePj). Conversely, one may check that 
a G FMat£; x x(ePj), comes from the right multiplication by p = a(e, i). □ 

The following is the main fact that we need about Morita equivalent rings with 
orthogonal local units. 

Theorem 8.2. Let 1Z and 1Z' be rings with orthogonal local units E and F respectively 
and X be an infinite set of indices whose cardinality is bigger than or equal to those of 
E and F. Let further (1Z, 7Z' , M, M' , r, r') be a Morita context with unital (and thus, 
by Lemma 6.4, torsion-free) -R.M , Mn> ,n> M',M^ and surjective r : M (g)-^/ M' — > 1Z, 
t' : M' M — > 7Z', and let C be the corresponding linking algebra. There exist maps 

^ : FMatx(^) -» FMat*(M), and *' : FM&t x (K') -» FMatjr(M), 

such that ^ is an isomorphism of left FMatx (TZ) -modules, is an isomorphism of 
right FM&tx(7Z') -modules, and 

(AV)A' = A^/'A') 
for all A G FMat x (^) and A' G FMatx 

Proof. A homomorphism <fi of left 7£-modules TZ^ — > can be viewed as 

an X x X-matrix with entries in Hom-ji(TZ, M). By (i) of Lemma 8.1 4> becomes an 
element [4>\ of the set Matx(RFMat( e j) eExi ?(eM/)), i. e. [<j)\ has block structure the 
block-rows and block-columns being indexed by the elements of X, and each block is 
a matrix from RFMat( e j) e £ X ^?(eM/). 

Fixing i G X and e G E we have the ("thin") (i,e)-row, which has to be finite, as 
the sum of its elements is the image under of e from the i-copy of 1Z in IZ^ . Now 
taking the finitely determined isomorphism tjj from Proposition 7.6, we have that for 
any i (! I and / G F the ("thin") (i, /)-column of [ip] is also finite. It follows that 
the sum of each block-row as well as that of each block-column of [ip] makes sense, 
and one may call such matrices as row and column summable X x X-matrices over 
Hom-jiiTZ, M) and denote the set of them by RCSumMatx(Honi;£.(7?., M)). It is evident 
that each block of [ip] is a row and column finite matrix, so that denoting the set of all 
row and column finite matrices from Mat( e j) g £ Xi ?(eM/) by RCFMat( e j) 6 £xF (eMf), 
one can write that 

[ip] G RCSumMatx(RCFMat (ej/)6£xF (eM/)). 

It may be interesting to observe that the sum of each block-row of [ip] is a row-finite 
matrix whereas that of each block-column is column-finite. 

Now by (ii) of Lemma 8.1 we have the following ring isomorphisms 



e : 1Z ^ FMat eje / gjB (e^e / ) and e' : 1Z' ^ FMat /i/ / e£ (/^/ / ) 
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and a /cdinear isomorphisms 

C : M^FMat ee£i/eF (eM/) and C' : M'^FMat /eF , ee£ (/M , e). 
Moreover, using matrix multiplication, one can check that FMat eG Ej G i?(eM/) has a 
structure of a left FMat^e'g^eT^e'), right FMatjj' 6 ^(/7?. / / / )-bimodule, and similarly 
FMat f e F,eeE{fM'e) also has its corresponding bimodule structure, so that the maps 
C and £' are both semilinear, i. e. 

C(ry) = e(r)C{y)X(yr') = CG/WUW) = ^VKW), CW = CVMO> 

for any r € 72-, r' € 72.',?/ G M, y' G M'. Extending e, to finite matrices, the 

semidinearity is obviously preserved. Moreover, the maps r and r' from the Morita 
context yield the equalities 

s{YY>) = ((¥)£(¥'), e'(Y'Y) = C'C'KCn 

for all Y G FMat x (M), F' € FMatx(AT'). 

An element from FMatx(FMat eie / g ^(e7^e')) can be multiplied from the right by [ip] 
and 

FMat x (FMat eie / e£; (e7ee / )) ■ [i/>] Q FMat x (FMat£; xF (eM/)). 
Then setting A ■ [ip] = C' 1 (e(A)[tp]) with A G FMatx(ft), the map 

(37) *:FMat x (ft) 3 A^A-[ip] G FMat x (M) 
is clearly /cdinear and 

(38) (AB) ■ [^} = A(B • [0]) 

for all A,B £ FMat x (ft)- 

One also defines the /cdinear map 

: FMat x (ft) B A' i-> • A' € FMat x (M), 

such that 

M ■ (A[A' 2 ) = ■ A[)A' 2 

and 

(-4 • [ip])A' = A([ip] ■ A') 

for any A G FMatx(ft), A', Ai, A' 2 G FMatx(ft')- 

Now as it was done for ■0, the isomorphism ip~ l : — > VS- X \ may be viewed as a 

matrix in Matx(RFMat(^ e ) e p x ^(Hom^(M/, Tie))), by Lemma 8.1. The equivalence 
functor M' ® n _ transforms Hom^(M/, Tie)) into fM'e; so that Rom n (M,K)) = 
RFMat(j e ) g ^ X £;(/M / e). As in the case of tp, it is directly verified that 

[tp- 1 ] G RCSumMat x (RCFMat (/ie)gFxS (/M'e)). 
Also, as it was done for [tp] we define the map 

FMatx(M) B Y ^ Y • [V^ 1 ] G FMat x (ft), 
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which is ^ , and the map 



FMatx(M) 97h [V^ 1 ] • Y G FMat x (^'), 



which is the inverse of 



□ 



Remark 8.3. Under the assumptions in the above result, Proposition 6.2 guarantees 
that there exist multipliers u, v of 



such that uv = en and vu = e22- 

In view of Proposition 4.5, we immediately have the next: 

Corollary 8.4. The algebras FMatx(7£) an d FMatx (R- 1 ) are isomorphic. 

The above corollary is one of the algebraic versions of the Brown-Green-Rieffel The- 
orem [7, Theorem 1.2], and in the case of countable local units also follows from [4, 
Theorem 2.1]. 

We shall say that a G-graded algebra B has enough local units if for any g 6 G the 
ring V g has orthogonal local units. Now it is an easy matter to derive the next: 

Theorem 8.5. Let G be an arbitrary group and B = © ffeG B g be G-graded algebra 
such that 



If B has enough local units then there exists an infinite cardinal \X\ and a twisted 
partial action O of G on A = FMatx(<6i) such that 



as graded algebras, the g-homogeneous component of FMatx(£>) being FMatx(£> 3 ), 
.'/ •: G- 

Proof. By (39), each B g is a unital left module over the ring with orthogonal 
idempotents V g , and thus by Lemma 6.4, it is torsion- free. Then as in the proof of 
Theorem 6.5 it follows that B is homogeneously non-degenerate. 

Let X be an infinite set whose cardinality is bigger than or equal to \E g \ for each 
g € G, where E g is the set of orthogonal local units of T> g . Add zeros to E g so that one 
may assume that \E g \ = \X\ for all g e G. Write & = FMat x (£) and V' g = B' g B' g _^ 
(g G G). Since B is homogeneously non-degenerate and satisfies (39), it is easy to see 
that both of these properties are also satisfied by B'. Moreover, for any g G G, T>' g = 
FMatx(Dg) and T>' g has orthogonal local units, as so does T> g . Thus our result directly 
follows from Theorem 8.2 and Theorem 6.5 (or Theorem 6.1 in view of Remark 8.3). 
□ 




(39) 



B g ■ B g -, ■Bg = B g Vg£ G. 



FMat x (S) ^A-x e G 
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Remark 8.6. As it is observed in the beginning of this section, a countable set of local 
units in a ring can be orthogonalized. Thus the above theorem can be applied for a 
G-graded algebra B which satisfies (39) and such that each V g has at most countable 
set of local units. 

9. Examples with uncountable local units 

For the concept of a projective module over a non-necessarily unital ring TZ we use 
the next definition: ftP is said to be projective if Hom(^P, _ ) is an exact functor. 
Evidently, a direct summand of a projective module is again projective. 

We need the following remark, the details can be found in [2]. We keep denoting by 
7£-mod the category of all unital and non-degenerate 7£-modules. 

Remark 9.1. If TZ is a ring with local units then for an arbitrary cardinal 7 the rings TZ 
and FMat 7 (7£) are Morita equivalent, and since TZ^ and FMat 7 (7£) are corresponding 
objects, we have that 7Z is projective in 7£-mod if and only if FMat 7 (7£) is projective 
in FMat 7 (ft)-mod. 

We give the next: 

Example 9.2. There exist rings TZ and 1Z' with local units such that 1Z and 1Z' are 
Morita equivalent rings; however, FMat 7 (7£) and FMat 7 (7?/) are not isomorphic for 
any cardinal 7. 

Proof. Let K be a field, and denote by to the first infinite ordinal, and by a the 
least ordinal whose cardinality is next to that of to, i. e. \a\ = Hq. 

For any element a € RFMat Q (i"Q, we denote by a(i,j) its (i, j)-entry. As usual, eij 
stands for the matrix in RFMato,(i< ) such that eij(i,j) = 1 and otherwise. We write 
ei = en. Moreover, if X C a is a subset, then the "sum" J2iex e * wm be denoted by 
e x - 

Let £ be the subring of RFMat a (K) formed by the matrices each column of which 
has at most countably many nonzero entries {£ = £ a , a in the notation of [12]). 

Set e = XlieN e * = ^ = e ^ e an< ^ ^ = ^ e ^- It is known that TZ and TZ' are 
Morita equivalent rings [32]. Moreover, 

(40) (e£e, SeS, eS, Se) 

form a Morita context with surjective bimodule maps given by the multiplication. In 
particular, the Morita correspondent of e£e is Se and thus it is a (projective) generator 
of £e£-mod. 

It is easily observed that TZ' consists of all a x a-matrices with at most countably 
many non-zero entries. Clearly TZ has local units as it is a ring with identity, and we 
check that TZ' is also a ring with local units. Let N be the set of all subsets X C a 
with |X| < Ho- It is easily seen that £e£ = J2xgn ^ e x- Now take a € £e£. Then 
there exist 1,7 € JV such that a = aex = eya. Setting Z = X U Y we have that 
a = ezaez'-, so that {ex}x^N-> ls a se * °f l° ca l units for £e£. 

If £e£ was a finitely generated object in £e£-m.od (with respect to the generator £e), 
then £e£ = Yl £e£xi for some finitely many Xi £ £e£ which would imply £e£ 7^ £ex 
for some X G N. Since this is not the case, £e£ is not finitely generated £e£-module. 
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We shall show that £ e£ is not a projective object in £e£-m.o&, hence, by Remark 
9.1 we will be done, as e£e is a unital ring and consequently is projective in e£e-mod. 

Observe first that Hom e £ e (e£, e£e) = RFMat a (if) • e (notice that it is not £e as one 
may suspect). Indeed, let ip : e£ — > e£e be an arbitrary homomorphism of left e£e- 
modules. Evidently e\t G £ and e±t = eeu for any t G a. Set yt = <f(eit) it G a) and 
y = J2tea e tiUt G RFMat a (K)e. For any x £ e£ and i £ u> write = X^eF; e i xe ji 
where Fj C a is a finite subset. Then we have 

enp(x) = empieux) = ^ empieuxejxeij) = ^ eaeuxejiipfaj) = 
eiX ^2 e jiVj = e i x V- 

Since this holds for any i G u>, it follows that ip(x) = xy for any x G e£. Because any 
matrix from RFMat a (i^) • e obviously determines a homomorphism e£ — > e£e, the 
claimed isomorphism follows. 

Suppose by contradiction that £e£ is a projective object in £e£-mod. Then its 
Morita correspondent e£e£ = e£ is a projective (and infinitely generated) object in 
e£e-mod, and then e£ has a (infinite) dual basis {fi, Xi}, where fi G Hom e £ e (e£ , e£e) = 
RFMat a (X) • e. Hence fi = -yi, the right multiplication by G RFMat Q ,(X) • e. 

We proceed by showing that there is an infinite sequence yk t , ■ ■ ■ , yk n , ■ ■ ■ G {yi} and 
an element a G e£, such that ay/c n 7^ for al n G N. For take first e\. Clearly e\ G e£. 
There is at least one yi, such that e\yi 7^ 0. Choose one of them, and denote it by y^. 
Suppose we have chosen y^ x , . . . , y^ n , and en, . . . e„j n , such that 

(1) e rir y kr 7^ 0. 

(2) e rir yk s = 0, for all 1 < r < s < n. 

By the definition of a dual basis, the set U = {yi : e r i r yi = 0, 1 < r < n} can not be 
empty (in fact, it is infinite). Pick yk n+1 G U, and choose i n +i such that e n+ u n+1 yk n+1 7^ 
0. Clearly, all elements in {yk n } are distinct. 

Now set a = X^neN e m„- Since e n a = e n i n we have that ayfc n / for all n G N, which 
contradicts the existence of a dual basis. 

This means that e£ is not projective and hence £e£ can not be projective. □ 

Example 9.3. Given a group G, which has an element g with g 2 7^ 1, there is a homo- 
geneously non-degenerate G-graded algebra B which satisfies (39) such that FMat 7 (#) 
(with the /i-homogeneous component of FMat 7 (i3) being defined to be FMat 7 (£^), 
h G G) is not isomorphic as a graded algebra to a crossed product by a twisted partial 
action of G on FMat 7 (#i) for any cardinal 7. 

Proof. Let B be the linking algebra of the Morita context (40). Define a G-grading 
on B by setting 

Bl = £e£) ' B ° = (0 ^ ' B ^ = {se 0) ' ^ = (0 0) 

for all h G G with h ^ l,g, g~ x . We have that 
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^ = Co e o)' ^- 1 = (o sis) 

and FMat 7 (S/ l )FMat 7 (^-i) = FMat 7 (2\), for any h G G. Moreover, B is homo- 
geneously non-degenerate, satisfies (39) and, consequently both of these properties 
are verified by FMat 7 (i3). It is directly checked that FMat 7 (X> 9 ) = FMat 7 (e£e) and 
FMat 7 (P g -i) = FMat 7 (£e£). Hence by the previous example FMat 7 (£> s ) is not iso- 
morphic to FMat 7 (X> ff -i) and thus FMat 7 (i3) does not satisfy (ii) of Theorem 6.1. 
□ 
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